CAMBRIDGE UNIVERSITY

Sixth Term Examination Papers 9470

MATHEMATICS 2 Morning
Tht 4 ngay 5 thang 6 nam 2024 Thoi gian lam bai: 180 phut

THONG TIN CHO THI SINH
C6 12 cau héi trong dé thi nay. M&i cau hoi duge cham t6i da 20 diém.

1. Ban c6 thé tra loi bao nhiéu cau hoi tuy thich. Ban duge khuyeén nén tap trung vao
khong qué sau cau hoi. Diém it sé dugce cho doi véi cac cau tra 1oi 16i rac.

2. Phan bai lam gach chéo sé KHONG duge chdm. Diém cubi cuing cia ban sé diya
trén sau cau héi ma ban dat diém cao nhét.

3. KHONG c6 S6 Cong thitc Toan hoc.
4. May tinh KHONG dugc phép. Tt dién song ngit KHONG dude phép.

Cho duge cho phép bat dau trude khi 1at trang nay.



1 Phan A: Toan thuan tay
1. Trong dang thiic
A4 54+64+T+8=9410+11,

tong clia nim s6 nguyen lién tiép tit 4 tré lén bing tong clia ba s6 nguyén lién tiép
tiép theo.

Su6t bai toan nay, cac bién n, k va ¢ dai dién cho cac s6 nguyen duong.

(a) Chiing minh rang tong ctia n + k sé nguyén lién tiép tit ¢ trd lén bang tong clia

n s6 nguyeén lién tiép tiép theo néu va chi néu

own? + k= 2k + k.

(b) Tim tap hgp cac gia tri c6 thé ciia n, va cac gia tri tuong tng clia ¢, trong moi
truong hop
i. k=1
ii. k=2.
(c¢) Chiing minh ring khong c¢6 nghiém cho ¢ va n néu k = 4.
(d) Bay gio xem xét trudng hop ¢ = 1.
i. Tim hai gia tri c6 thé ctia k va céc gia tri tuong tng cia n.
ii. Chitng minh, cho mot gia tri c6 theé N clia n, va gia tri tuong ting K cua k,
rang

N' =3N+2K +1
ciing sé 1a mot gia tri c6 thé ciia n, véi

K' =4N +3K +1

la gia tri tuong ng cua k.
iii. Tim hai gi& tri c6 thé khac ctia k va cac gia tri tuong ting clia n.
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2. Trong bai toan nay, ban khong can xem xét cic van dé vé hai tu.
(a) Tim khai trién chudi nhi thic ctia (8 + 2*)~!, hop 1é cho |z| < 2.
Do d6 chitng minh ring, d6i v6i mdi s6 nguyén m > 0,

1 m & k
x (—1) 1
dr — : .

k=0

(b) Chting minh rang

= (—1)F 1 2 4 |

Z 3(k+1) - + = dz,

2 3k+3 3k+2 3k+1 0o TH+2
va tinh gia tri ctia tich phan.

(¢c) Chiing minh rang

L (—1)F 72(2k + 1) B
2 5 <<3k+1><3k+2>> - e

trong d6 a va b 1a cac sd nguyén ma ban nén xac dinh.
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3. Duong tron don vi 1a dudng tron c¢6 ban kinh 1 va tam 1a goc toa do, O.
N va P la cac diém phan biét trén dudsng tron don vi. N ¢6 toa do (—1,0) , va P c6
toa do (cos#,sinf), trong d6 —m < 6 < . Duong thang NP cét truc y tai @, c6 toa
do (0,q).
(a) Chiing minh réng ¢ = tan 6.
(b) Trong phan nay, ¢ # 1.
i. Goi fi(q) = %;. Chitng minh rang fi(q) = tan%(é’ + %7‘[‘)
ii. Goi @, la diém c6 toa do (0, fi(q)) va P 1a diém cat (khac N) clia dudng
thang NQ; va duong tron don vi. Mo ta hinh hoc méi quan hé giita P va P;.
(¢) 1. P, laanh cta P dudi phép quay nguge chiéu kim dong ho quanh O qua goc
%71'. Duong thang N P, cét truc y tai diém @Qy c6 toa do (0, fo(q)). Tim fa(q)
theo q, cho q # V3.
ii. Trong phan nay, ¢ # —1. Goi f3(q) = %, goi Q3 1 diém c6 toa do (0, f3(q))
va goi P3 1a diém cat (khac V) clia dudng thing NQs va dudng tron don vi.
M5 t& hinh hoc mdi quan heé gitta P va P;.
iii. Trong phan nay, 0 < ¢ < 1. Goi fi(q) = f5 ' (f3(f2(q))), goi Q4 la diém c6
toa do (0, f1(q)) va goi Py la diém cit (khac N) ctia dudng thing NQ, va
duong tron don vi. M6 t4 hinh hoc méi quan hé gitta P va Py.
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4. Trong bai toan nay, néu O, C' va D la cac diém khong thing hang trong khong gian
ba chiéu, ching ta sé& goi vecto khac khong o' 1a vecto phan gidc cho goc ZCOD néu
¥ nam trong mat phang COD, gbc gitta ¥ va OC' bing goc gitta ¥ va OD, va ca hai
géce déu nhé hon 90°.

(a) Goi O, X vaY la cac diem khong thang hang trong khong gian ba chiéu, va dinh
nghia ¥ = OX va y = OY.

Goi b = |Z|y + |y 7.
i. Chitng minh ring b 1a vecto phan giac cho géc ZXOY.
Giai thich, sit dung so do, tai sao bat ky vecto phan giac ndo khéac cho goc
ZXOY 1a boi s6 duong cia b.
ii. Tim gia tri cia A sao cho diém B, dinh nghia béi OB = )\l;, nam trén duong
thing XY. Tim ciing ty lé ma diéem B chia XY
iii. Chitng minh, trong truong hgp OB vuong goc véi XY, rang tam giac XOY
la tam giac can.

(b) Goi O, P,Q va R la cac diém trong khong gian ba chiéu, khong ba diém nao
thang hang. Mot vecto phan giac dude chon cho méi goc POQ, QOR va ROP.
Chitng minh ring ba goc giita ching ho#ic tat cd nhon, tat cd tu hoic tat ca
vuong.
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5. (a) Cac ham f; va Fy, mdi ham c¢6 mién Z, duge dinh nghia bdi
fi(n) = n*+6n + 11,
Fi(n) =n*+2.

Chitng minh rang F} c6 cting pham vi véi f;.
(b) Ham g;, v6i mién Z, dugc dinh nghia béi
g1(n) =n? —2n + 5.
Chitng minh rang pham vi clia f; vd g; ¢ giao rong.
(c) Cac ham fy va go, mdi ham véi mién Z, duge dinh nghia boi
fa(n) = n* —2n — 6,
ga(n) = n? —4n + 2.

Tim bat k¥ s6 nguyén nao nam trong giao clia pham vi cia hai ham.
(d) Chitng minh rang p* + pg + ¢* > 0 cho tat ca thuc p va q.
Cac ham f3 vd g3, moi ham v6i mién Z, duge dinh nghia bai

f3(n) = n® — 3n? + Tn,
g3(n) =n® +4n — 6.

Tim bat ky s0 nguyén nao nam trong giao ctia mién gia tri ctia hai ham.
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6. Trong bai toan nay, ban khong can xem xét cac van dé vé hai tu.
(a) Chudi T),, chon =0,1,2,..., dugc dinh nghia béi Ty = 1 va, cho n > 1, béi

on — 1
T, =" "7 |
2n

Chitng minh bang quy nap rang

o 1)
220\ n
chon=0,1,2,....
Ghi chi ring (J) = 1.
(b) Chiing minh réing trong khai trién chudi nhj thic cho (1 —z)~2,

o0
1
(1—z)z= Zarxr,
r=0
cac hée s6 lien tiép lien quan baéi
2r —1
ar = Qr—1

2r

chor=1,2,....
Do d6 chiing minh rang a, = T, cho tat cAr =0,1,2,....

(¢) Goi b, 1a he s6 ciia 2" trong khai trién chudi nhi thic cho (1 — z)~2

(1-— x)_% = ZbTxr.
r=0

Bang cach xem xét Z—T, tim biéu thic lien quan dén hé s6 nhi thic cho b,, cho
r=0,1,2,....

(d) Bing cach xem xét tich ctia khai trién chudi nhi thic cho (1 —2)72 va (1—2z)7!,

chting minh rang
2n+1)2n\ < 1 (2r
22n n) 22r\ r )’

r=

, sao cho

[e=]

chon=1,2,....
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7.

(a) Phéc thao duong cong C; v6i phuong trinh

P+ (-1 -1+ (z+1)>-1)=0.

(b) Xem xét dudng cong Cy v6i phuong trinh

ii.

1il.

1v.

1
16
Chiing minh ring duong thang v = k gap duong cong Cs tai cac diém ma

(Y + (@ =1 =D+ (z+1)° = 1) =

1
16
Do dé xac dinh s6 giao diém gitta dudsng cong Cy va duong thang y = k cho
moi gié tri duong cta k.

ot 4+ 2(k* — 2)2* + (K* — =) = 0.

Xac dinh xem cac diém tren duong cong Cs v6i toa do y 16n nhat ¢ xa hon,
hay gan hon, truc y so v6i nhitng diém trén duong cong C.

Chiing minh rang khong thé cho cd 2+ (r —1)2 =1 va y? + (z +1)?2 -1 déu
am, va suy ra rang duong cong Cy ndm hoan toan bén ngoai duong cong C4.

Phéc thao cac duong cong C va (5 trén cung truc.
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8. Trong bai toan nay, dinh 1y sau co thé duge st dung ma khong can chitng minh.

Goi Uy, us, ... 1a chudi céc s6 thyc. Néu chudi

e bi chin trén, nén u, < b cho tat ci n, trong d6 b 14 mot sd c¢6 dinh
e vA tdng, nén u, < U,4; cho tat cd n
thi ton tai mot s6 L < b sao cho w,, — L khi n — oo.

Déi véi cac s6 thuc duong = va y, dinh nghia a(z,y) = (z + y) va g(z,y) = /Ty.

Goi xp va yo 1a hai s6 thuce duong véi yy < x¢ va dinh nghia, cho n > 0

Tnt1 = (I(I’n, yn)a

Yn+1 = g(iL‘n, yn)
(a) Béng cach xem xét (y/T, — /yn)?, ching minh réng y,11 < @41, cho n > 0.
Chiing minh thém rang, cho n > 0
1 Tpe1 < Ty
. Yp < Ynt1-
Suy ra rang ton tai gia tri M sao cho vy, — M khi n — oo.
Chiing minh rang 0 < Tp41 — Yps1 < %(In —yy,) vado d6 x, —y, — 0 khin — co.
Giai thich tai sao x,, ciing hoi tu vé M khi n — oo.
(b) Goi

dx,

> 1
e = / N oy

trong d6 p va q la céc s6 thuc duong véi ¢ < p.
Chiing minh, st dung phép thay ¢ = 1 (x — ’%) trong tich phan

> 1
/°° VG +0?+8) (b +12)

dt,

rang

I(p.q) = I(a(p.q), 9(p.q)).
Do dé6 tinh I(z,yo) theo M.

2 Phan B: Cg hoc

9. Mot hao dai thang, véi tiét dién ngang hinh chi nhat, da dudc dao trén mat dat
ngang khac. Chiéu rong ctia hao 1a d va chiéu sau 2d. Mot hat dude ban véi toc do v,
trong d6 v? = A\dg, tai géc « véi phuong ngang, tit mot diém trén mat dat cach canh
gan hon ctia hao mot khoang d. Mat phang théing ding ma né chuyén dong vuong
gbce véi hao.
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(a) Hat roi xudng day hao ma khong cham vao mot bén nao trude.
i. Bing cach xem xét do dich chuyén thang ding ctia hat khi do dich chuyén
ngang 1a d, chiing minh ring (tana — \)? < A\? — 1 va suy ra rang \ > 1.
ii. Chiing minh ciing rang (2tan a—\)? > A2 +4(\—1) va suy ra rang a > 45°.
(b) Chitng minh ring, mién la A > 1, a luén c6 thé duge chon sao cho hat roi xuéng
day hao ma khong cham vao mot bén nao trude.
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10. Mot lang tru tam gidc nim trén mit phing ngang. Mot trong cac mat chit nhat cta
ling tru la thing ding; mit thi hai 1a ngang va tiép xtc véi mit phing; mat chit
nhat nghiéng thit ba tao goc « v6i phuong ngang. Hai mat tam giac cua ling tru la
cac tam gidc vuong va thang ding. Lang tru c6 khéi luong M va né c6 thé di chuyén
ma khong ma sat qua mat phang.

Mot hat c¢6 khdi lugng m nam trén bé mit nghiéng cia lang tru. Tiép xtc gitta hat
va mat phang la tho, v6i hé s6 ma sat p.

()

(b)

(c)

Chitng minh ring néu p < tan «, thi hé thong khong thé & trang thai can bang.
Goip=tan\, v6i 0 < A < a < %7?.

Mot Iuc P duge tac dung lén méat chit nhat thing ding ciia ling tru, vuong géc
v6i mit dé va huéng vao bén trong ling tru. Hat va ling tru ting toc, nhung
hat van & vi tri tuong déi gidng nhau so vé6i lang truy.

Ching minh rang do 16n, F, ciia lyc ma sat gitta hat va lang tru la

F

= M+m](M+m)gsina—Pcosa|.

Tim biéu thiic tuong tu cho do 16n, N, clia phan luc phép tuyén gitta hat va lang
tru.

Do d6 chiing minh rang lyc P phai théa man

(M +m)gtan(a — \) < P < (M +m)gtan(a + \).

3 Phan C: Xac suat va Théng ké

11.

(a)

Phac théo db thi clia y = z= cho z > 0, cho théy vi trf clia bat k¥ diém ngoat
nao.
Tim gid tri 16n nhit ctia nn, trong dé n 1a sé nguyén duong.
N ngudi sé dugc xét nghiém mau dé ¢6 su hién dien hoac vang mit clia mot
enzyme. Mdi nguoi, doc lap véi nhitng ngudi khac, c¢6 xac suat p c6 enzyme hién
dién trong mau mau cia ho, trong d6 0 < p < 1. Xét nghiém méu luén xac dinh
ding liéu enzyme c6 hién dién hay ving mat trong mau.
Phuong phap sau duge st dung.
e Nhitng ngusi dugc xét nghiém duge chia thanh » nhém c6 kich thuée k, véi
k>1vark=N.
e Trong moi nhém, mot mau tit moi nguoi trong nhém dé duge tron vao mot
mau 16n, sau dé6 duge xét nghiém.
e Néu enzyme khong hién dién trong mau két hop tit mot nhém, khong can
xét nghiém thém nguosi trong nhom doé.
e Néu enzyme hién dién trong mau két hgp tit mot nhém, mot mau thi hai
tit mdi ngudi trong nhém duge xét nghiém riéng 1é.
Tim, theo N, k va p, s6 luong xét nghiém mong dgi.
Cho riang N 1a boi s6 ctia 3, tim gia tri 16n nhat ctia p ma co thé tim mot gia tri
nguyén ciia k sao cho k > 1 va s6 lugng xét nghiém mong doi 13 nhiéu nhat N.
Chiing minh réng gié tri nay cta p 16n hon 1.
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(d) Chiing minh réng, néu pk du nhd, s6 lugng xét nghiem mong doi xap xi N (++pk).

Trong truong hop p = 0.01, chiing minh réng chon & = 10 cho s6 lugng xét
nghiém mong dgi chi khodng 20% ctia N.
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12. Trong bai toan nay, ban c6 thé stt dung ma khong can ching minh cac két qua

n

1 - 1
Zi2 = én(n +1)(2n+1) va ;@'3 = ZnQ(n + 1)

=1

Sudt bai toan, n va k 1a cac s6 nguyén véi n > 3 va k > 2.

(a)

Trong mot tro choi, & ngudi choi, bao gom Ada, mdi ngusi dude cho mot s6
nguyéen ngau nhién tit 1 dén n (nghia 1a, ddi v6i moéi ngudi choi, mdi s6 nay déu
¢6 kha nang bang nhau va duge gan doc lap véi tat cd nhing ngudi khac). Mot
ngudi choi thang tro choi néu ho duge cho mot sdé nhé hon tat ca nhitng ngudi
choi khéc, nén c6 thé khong c6 ngusi thang trong tro choi nay.

Tim biéu thic, theo n, k v& a, cho xac suat rang Ada dudc cho s a, trong do
1 <a<mn-—1, va tat cd nhitng ngudi choi khac duge cho s6 16n hon. Do d6
chiing minh rang, néu k = 4, xac suat c6 ngudi thang trong tro choi nay 1a

(n—1)
n?

Trong tro choi thit hai, k nguoi choi, bao gom Ada va Bob, méi ngudi duge cho
mot s6 nguyén ngau nhién tit 1 dén n. Mot nguoi choi thing tro choi néu ho
duge cho mot s6 nhé hon tat cad nhitng ngudi choi khac hosic néu ho duge cho
mot s6 16n hon tat cd nhitng nguoi choi khéc, nén c6 thé cé zero, mot hoic hai
nguoi thang trong tro choi nay.
Tim biéu thic, theo n, k va d, cho xac suat rang Ada dugc cho s6 a va Bob dudc
chosba+d+1,trongdo1<d<n-—2val<a<n-—d-—1,vatat cd nhing
ngudi choi khac duge cho s6 16n hon a va nhé hon a + d + 1. Do d6 chiing minh
rang, néu k = 4, xac suat c¢6 hai nguoi thang trong tro choi nay 1a

(n—=2)(n—-1)*

Néu k = 4, gia tri nhé nhat ctia n 1a bao nhiéu dé c6 kha nang cé ding hai nguoi
thang 16n hon c6 ding mot ngudi thing trong tro choi nay?
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Phan A: Toan thuan tay

1. Trong sudt cau héi nay, N 1a mot s6 nguyén véi N > 1 va

Ban c6 thé gia st ring limy_..c Sy ton tai va bing =

(a) Chitng minh rang
1 1 1 1

r+1 7‘+7‘_2_r2(7"+1)'
Suy ra rang

N
1 1 1

Yo=Y Sl

r’(r+1) & +N+1

r=1

Chitng minh thém rang

(b) Tim

al 1
Z r2(r+1)(r +2)

r=1

theo Sy, va suy ra gia tri

- 1
; r2(r+1)(r+2)

(¢) Chting minh rang

[e.9]

ZTQ +1 r2r+1

r=1

—

<
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2.

(a) Giai cac bat phuong trinh:
i. V4x2 — 8z + 64 > |z + 8|,
ii. vA4r2 — 8z + 64 > |3z — 8|
(b) i. Cho f(z) = V422 — 8z + 64 — 2(x — 1). Chting minh, béng cach xét

(Vax? —8x + 64 +2(x — 1)) f(x)

ho#ic cach khac, rang f(x) — 0 khi 2 — oo.
ii. V& do thiy = V42?2 — 8z + 64 va y = 2(x — 1) trén cung mot hé truc toa do.

(c) Tim m va ¢ sao cho tap nghiém ctia bat phuong trinh

Vda? — bz +4 > |mx + |

laxz:z <3.

(d) Tim p,q, m va ¢ sao cho tap nghiem ctia bat phuong trinh
|2* + px +q| > mx +c

laz: -5b<x<1lUzx:5<z<T.
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3. Trong subt cau héi nay, chi xét x > 0.

(a) Cho
g(x) = In (1 + i) - :1:5:—_:—01)

trong d6 ¢ > 0.
i. Chting minh rang do thi y = g(z) c6 he s6 goc duong véi moi > 0 khi
c> %
ii. Tim cac gia tri cia z dé y = g(x) ¢6 he 86 géc am khi 0 < ¢ < 1.
(b) Biét rang v6i moi ¢ > 0, ta c6 g(x) — —oo khi z — 0. V& phéac thao, véi z > 0,
do thi y = g(z) trong céac truong hop:
i c=3
. ¢c=

4
1
I
(c) Ham s6 f dugc xac dinh béi

Chitng minh ring, véi x > 0:

i. fla ham giam khi ¢ > %;

ii. f c6 mot diém cuc tri khi 0 < ¢ < %;
iii. f la ham tang khi ¢ = 0.
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4.

(a)

Chitng minh rang néu géc nhon gitta hai dudng thing c6 he s6 géc mq va mo 1a
45° thi

my —m

T2 4
1+ mime

Duong cong C' ¢6 phuong trinh 4ay = 22, trong dé a # 0.
Néu p # ¢, chiing minh ring cac tiép tuyén ctia C tai cac diém c6 hoanh do p va
¢ c&t nhau tai mot diem c6 hoanh do 3(p + ¢). Tim tung do cta diém nay theo
p va q.
Chting minh thém rang moi cip tiép tuyén ciia C' tao véi nhau goc 45° déu cit
nhau trén duong cong

(y + 3a)* = 8a* + 2°.
Chiing minh rang goéc nhon gitta moi cap tiép tuyén ciia C' cat nhau trén duong
cong

(y + 7a)?® = 48a* + 327

la khong doi. Tim gia tri ctia goc nhon dé.
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5. Trong cau héi nay, M va N la cac ma tran 2 x 2 khong suy bién.
Vét cia ma tran M = (a b, d) dugc dinh nghia 1a tr(M) = a + d.

(a) Chting minh rang v6i moi ma tran M va N, ta ¢6 tr(MN) = tr(NM), va suy ra
biéu thitc clia tr(M + N) theo tr(M) va tr(N).

(b) Chitng minh rang

1 d L dM

(¢) Gia st M théa man phuong trinh vi phéan

@K:MN—NM
dt

trong d6 cac phan t1t ctia N 1a cac ham ctia t. Chiing minh rang det M, tr(M)
va tr(M?) déu khong phu thuoc vao t.
Véi

va biét rang

khi t = 0, hay tim M theo t.
(d) Gia sit thay vao dé6 M théa man

dM
—— = MN,
dt

va tr(M) khac 0 va khong phu thuoc vao ¢. C6 nhat thiét suy ra rang tr(N) =0
hay khong?
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6.

(a) Mot hat chuyén dong trong mat phang véi

d + 3y + Wyt
—_— = —Z Uu — =X u
dt y ) dt y )
trong d6 w 1a mot ham theo thai gian. Tai ¢t = 0, hat G vi tri (zg, yo)-
i. Bang cach xét fl—f — %, chiing minh réng néu hat & goc toa do tai mot thoi

diém ¢ > 0 thi 2o = yo.
ii. Biét ring x¢ = 3o, hay tim mot gia tri khong doi ctia u dé hat & gbc toa do
tai thoi diem t =T > 0.
(b) Mot hat chuyén dong trong khong gian v6i
dx dy dz
— =4y —-5z2+u, —=xr—2z4u —=x-—2 Uu.
a YT TG ¥+
Tai t =0, hat & vi tri (o, Yo, 20)-
i. Chting minh rang néu hat & gbc toa do tai mot thoi diem ¢ > 0 thi y, 12
trung binh cong cia xy va z.
ii. Chiing minh thém rang diéu kién can 1a 2o = yo = 0.
iii. Biét ring zo = yo = 20, hdy tim mot gia tri khong doi ctia v dé hat & gbc
toa do tai thoi diém ¢ =T > 0.
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7. Trong cau héi nay, ban khong can xét dén van deé hoi tu.
Véi s6 nguyen duong n, dit

1 1 1

ntl it )12 e Dm+2mEs)

f(n) =

va
1 1 1

T (n+1)(n+2) +(n+1)(n—|—2)(n+3)

g(n)

a) Chiing minh réng 0 < f(n) < &.

1

(a)

(b) Chiing minh rang 0 < g(n) < —=5.

(c) Chiing minh rang (2n)le — f(2n) va (277)' + g(2n) déu la cac sd nguyen.
)

(d) Chiing minh rang néu ge = £ véi p, ¢ 1a cac s6 nguyén duong thi ¢ f(2n) 4+ pg(2n)
14 s6 nguyén v6i moi n.

(e) Suy ra ring e* 1a mot s6 vo ti.
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8. (a) Gidi thich vi sao phuong trinh (y — 2 + 3)(y + 2 — 5) = 0 biéu dién mot ciap
duong théng c6 he s6 géc lan lugt 1a 1 va —1. Chitng minh riing phuong trinh

y =2t +py+qr+r=0
biéu dién mot cap dudng théng co he s6 géc 1 va —1 khi va chi khi p? — ¢® = 4r.

Cho C 1a duong cong x = y* + 2sy + s(s + 1) va Cy 1a dudng cong y = 2.

(b) Giai thich vi sao moi diém thuoc ca C; va Cy déu théa man
v +2sy+s(s+1)—x+k(y—2*) =0

v6i moi so thue k.

Gia st C; va Cy cit nhau tai bén diém phan biet. Chiing minh réing khi chon
k = 1 thi phuong trinh trén biéu dién mot cap duong thang cé heé sé goc 1 va
—1, va ca bén diém giao déu nam trén hai dudng thang nay.

. . > N  n 2,9z .2 . ~ cal 1S 3
(c) Ching minh rang dicu ki¢én dé c6 bon diem giao phan biét la s < —7.

(d) Chting minh réng néu s < —% thi C; va O, cat nhau tai bon diém phan biét.

Phan B: Co hoc

9. Goc toa do nam trén mot mit ban ngang nhan. Mot qua cau nhdn A c6 khoi luong
m va ban kinh r ding yén trén ban sao cho diém thap nhat ciia né & goc toa do.

Mot qua cau nhén thi hai B, cing khéi lugng v ban kinh, c¢6 diém thap nhat & do
cao 2r sin a so véi mat ban va c¢6 hoanh do duong 16n. Qua cau B duge phéng song
song vdi truc z v6i van téc u va va cham véi A. Hé s6 dan hoi clia va cham 13 %

(a) Chiing minh rang sau va cham, van toc ctia B la
2
(—g(l + 2sin’ @), ; ?u sin «v cos oz) :

(b) Chting minh ring diém thap nhat ctia B cit truc y tai diem (0,Y), trong d6

2 sin «v cos «

Y =2 t +sina), t =03
r(cos atan 5 + sin «) an 3 T 25’ o

Mot qua cau thit ba C' c6 ban kinh r ding yén véi diem thap nhat tai (0, k).
(c) Chiing minh rang néu h > Y + 2rsec 8 thi B khong va cham véi C.

(d) Chting minh rang Y < 2rsec 3, va suy ra rang B khong va cham v6i C v6i moi
a néu h > 3—%.
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10. Hai hinh lap phuong c6 khéi lugng rieng dong nhat p duge dat chong lén nhau trén
mot mit phang ngang nham. Hinh lap phuong duéi c6 canh 1, hinh lap phuong trén
c6 canh a < 1. Hé s6 ma st tai moi tiép xtc 1 p < 1.
Mot liie ngang P dugce tac dung 1én hinh lap phuong trén tai do cao h < a so v6i day
ctia no.
(a) Chiing minh rang néu hé can bang thi phan liyc phap tuyén cia mit phang tac
dung lén hinh lap phuong dudi c6 diém dit cach trung diém day ctia né mot

khoang P(L+h)
+

1+ a)pg’
va tim biéu thitc tuong tu cho phan lyc giita hai hinh lap phuong.

(b) Chting minh réng néu khong c6 hinh nao bi 1at thi can béng sé bi pha vé do hinh
lap phuong trén trugt trén hinh 1ap phuong dudi.

(c) Chiing minh rdng néu a = 1 thi can bang bi pha vé do trugt khi u(1 + h) < 1,
va do lat khi p(1+h) > 1.

(d) Chitng minh ring néu a < 1, h(1 + a*(1 — a)) > a*, va khong xay ra trugt, thi
can bang bi pha vé do hinh lap phuong trén bi lat.

(e) Chiing minh, béng cach xét a = %, rang tinh huéng trong phan trén cé thé xay
ra.

Phan C: Xac suat va Théng ké

11. Ban c6 thé sit dung khong can chitng minh cac két qua

()= %)

r=0 r=0

()i, 5 )

(-2 ()

r=0 r=n-+1

(a) Chiing minh rang

VA suy ra rang

(b) Mot dong xu can bang duge tung 2n lan. Goi X 1a s6 16n hon trong hai s6: s6
lan xuat hién mat ngita va s6 lan xuat hien mat sap. Néu c6 dung n mat ngita

va n mat sap thi X = n.
1 [(2n
.E(X3:=7l(14555(7l)>.

(¢) Ching minh réng 55 (*") gidm khi n tang.

Chitng minh ring
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(d) Trong mot tro choi, ban chon n va trad £n, sau d6 tung mot dong xu can bang
2n lan. Ban thiang s6 tién (tinh bang bang Anh) bang véi X. Néu ¢6 n mat ngtia
va n mat sap thi ban thing £n. Nén chon n nhu thé nao dé t6i da hoa ky vong
tién thang trén moi bang Anh da tra?
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12. (a) Mot diém dugc chon ngau nhién déu trong hinh vuong 0 <z < 1,0 <y < 1. Goi
R 1a khoang cach tit diém dé dén gbc toa do. Ching minh ring véi 1 < r < /2,

1
P(R<r)=vri—1+ ZW’Q —r?cosH(r ).
Ho6i P(R < r) bang bao nhiéu khi 0 < r < 17

(b) Chiing minh ring
2 (V2 2
E(R) =2 / dr.
31

)
r2 —1

(¢) Chiing minh rang

E(R) = é (\/§ +In(v2 + 1)) .
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